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I .  INTRODUCTION 

Switching  circuits  may  be  divided  into  two  classes:  combinational 
and  sequential.  In  combinational  circuits  the  combination  of  input  variables 
present  at  any  moment  of  time  completely  determines  the  output  of  the  circuit. 
For  a  sequential  circuit,  on  the  other  hand,  outputs  will  no  longer  be  directly 
related  to  the  input  conditions  of  the  moment,  but  will  depend  also  on,  in 
general,  all  the  previous  input  signals. 

In  describing  the  terminal  action  of  a  combinational  circuit, 
regardless  of  circuit  complexity,  we  could  express,  algebraically  or  otherwise, 
fixed  functional  relations  between  inputs  and  outputs.  One  method  for  the 
description  of  a  sequential  circuit  requires  a  flow  table  [Hu  1,  Ca  1,  Ca  2] . 
The  columns  of  a  flow  table  are  associated  with  the  possible  input  6tates  to 
the  circuit  and  the  rows  represent  internal  states  (see  Fig.  l.l).  The  entries 
in  the  table  indicate  the  next  internal  state  and  the  output  state  which  result 
from  the  given  input  and  internal  states.  For  example,  the  underlined  entry 
in  Fig.  1.1  indicates  that,  if  the  input  state  is  11  and  the  internal  state  is 
3,  the  output  state  is  now  01,  and  the  next  internal  state  will  be  2  (if  the 
input  remains  11 ). 


Internal  State 

Input  State 

1 
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00 
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11 
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©-00 
1-00 
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k  -  11 

1-10 

Fig.  1.1 


If  the  internal  state  component  of  a  flow  table  entry  is  found  in  a 
row  associated  with  the  same  internal  state,  the  total  state  (combination  of 
input  and  internal  state)  is  a  stable  one,  and  the  entry  may  be  circled  to 
denote  this  fact.  Once  circuit  action  reaches  a  stable  total  state,  no  further 
changes  of  internal  state  can  occur  until  the  input  state  is  changed.  For  all 
unstable  total  states  the  flow  table  entry  indicates  the  new  internal  states 
that  may  follow  the  present  one.  If  there  are  no  stable  total  states  listed  in 
a  given  column  of  a  flow  table,  a  recurring  cycle  of  internal  states  will  occur 
if  the  circuit  input  is  held  fixed  at  the  state  corresponding  to  that  column 
(see  10-column  of  Fig.  l.l). 

The  use  of  flow  table  for  the  synthesis  of  sequential  switching 
circuits  is  covered  in  detail  in  Huffman's  thesis  [Hu  1] .  A  general  synthesis 
procedure  can  be  carried  out  as  follows: 

1.  Construction  and  specification  of  the  flow  table:  A  word  statement 
of  the  desired  circuit  action  is  converted  into  a  flow  table 
description.   Internal  states  are  designated  by  decimal  numbers. 
Every  unstable  next  state  entry  is  designated  the  same  as  the 
stable  next  state  entry  to  which  it  ultimately  leads,  and  every 
unstable  output  is  designated  the  same  as  the  stable  output  to 
which  it  ultimately  leads. 

2.  Elimination  of  redundancy  in  the  flow  table:  Two  rows  of  a  flow 
table  may  be  merged  if  the  state  designators  appearing  in  corre- 
sponding columns  of  each  row  are  alike,  or  if  the  entry  in  one  of 
the  rows  is  a  "don't  care"  entry  [Hu  1]. 

3-  Assignment  to  each  row  of  the  flow  table  of  a  unique  state  of  a 
set  of  binary  valued  variables  which  will  be  called  "state 
variables". 


k.     Construction  of  excitation  and  output  tables:  The  decimal 
designators  in  the  flow  table  are  replaced  by  appropriately 
assigned  state  variables.  The  output  table  is  constructed  from 
the  flow  table  by  writing  down  the  outputs  specified  in  the  flow 
table  in  a  table  whose  columns  and  rows  carry  the  same  input 
variable  and  state  variable  values  as  those  of  the  flow  table. 

5.  Design  of  the  combinational  circuits  specified  by  the  excitation 
and  output  tables . 

We  shall  investigate  here  only  the  problems  involved  in  step  3>  that 
is,  the  problem  of  assignment  of  state  variables. 


II.  STATE  VARIABLE  ASSIGNMENT  PROBLEM 

Sequential  switching  circuits  are  commonly  classified  as  being  either 
synchronous  or  asynchronous,  depending  upon  whether  or  not  the  operations  are 
synchronized  with  some  source  of  fundamental  frequency  which  regulates  the 
entire  circuit.  The  synchronization  signal  is  generally  called  the  "clock"  of 
the  circuit.  In  a  synchronous  circuit,  it  is  possible  to  predict  the  state  of 
the  circuit  at  the  time  of  any  given  clock  period  if  one  knows  the  initial  state 
of  the  circuit  and  its  logical  characteristics.  However,  in  an  asynchronous 
circuit  it  is  not  generally  possible  to  predict  the  state  immediately  resulting 
from  a  previous  state  from  a  knowledge  of  the  logical  characteristics  of  the 
circuit  alone.  The  resulting  state  may  also  depend  upon  the  relative  speeds  of 
some  of  the  logical  elements  which  constitute  the  circuit. 

We  can  carry  out  the  design  of  both  types  of  circuits  in  an  identical 
process  up  to  the  point  where  specific  binary  codes  are  assigned  to  the  internal 
states.  In  a  synchronous  circuit  the  assignment  of  state  variables  can  be  made 
arbitrarily.  Conditions  in  which  several  state  variables  are  simultaneously 
excited  are  allowed  in  this  case.  The  circuit  action  is  examined  only  when  a 
clock  signal  appears.  Transient  conditions  during  the  change  of  state  variables 
can  be  completely  ignored.  Therefore,  after  obtaining  a  minimal  state  circuit 
by  state  reduction  the  minimum  number  of  state  variables  needed  is  fixed. 

In  an  asynchronous  circuit,  the  assignment  of  specific  binary  values 
of  the  internal  states  can  not  be  made  arbitrarily.  Conditions  in  which  several 
state  variables  are  simultaneously  unstable  are  known  as  race  conditions  [Hu  1]* 
Reduction  of  states  will  only  give  a  lower  bound  on  the  number  of  state  variables 
needed  for  a  given  circuit.  The  assignment  of  state  variables  for  a  given  circuit 
with  the  minimum  number  of  state  variables  is  generally  not  trivial. 


Perhaps  the  most  important  reason  for  the  reduction  of  internal 
states  is  that,  as  a  general  rule,  the  fewer  the  number  of  states  the  fewer 
feedback  loops  will  be  necessary  in  the  circuit  realization.  In  a  relay  circuit 
the  number  of  feedback  loops  is  the  same  as  the  number  of  state  variables.  In 
an  electronic  circuit  the  number  of  feedback  loops  may  not  be  of  such  direct 
importance  as  in  a  relay  circuit,  because  often  there  need  not  be  a  specific 
device  for  each  state  variable,  but  only  the  loop  itself.  However,  Unger  has 
shown  that  there  must  be  amplifiers  in  the  feedback  loops  for  signal  restoration, 
and  the  number  of  amplifiers  needed  corresponds  to  the  number  of  state  variables 
[Un  1] .  Therefore,  minimization  of  state  variables  will  generally  reduce  the 
complexity  of  the  circuit.  However,  it  must  be  noted  that  there  are  cases 
where  the  assignment  of  state  variables  with  the  minimum  number  of  state  varia- 
bles is  not  the  best  one  according  to  some  criterion  such  as  the  minimization  of 
the  resulting  circuit .  Ordinarily,  the  number  of  state  variables  is  one  of  the 
best  measures  of  complexity  for  a  sequential  switching  circuit. 

2.1  General  Description  of  the  Problem  of  State  Variable  Assignment 

Consider  the  case  of  the  U-row  flow  table  in  Fig.  1.1.  There  are 
four  internal  states  to  be  distinguished.  At  least  log2  k   =  2  state  variables 
are  necessary.   In  general,  for  an  r-row  flow  table,  at  least  logs  r  state 
variables  are  necessary.  Let  S0  be  the  smallest  integer  meeting  the  condition 
So  >  log2  r  for  a  given  r.  We  will  then  have  available  2  °  states  to  assign  to 
the  r  rows .  The  requirements  of  a  flow  table  are  satisfied  if  each  inter-row 
transition  is  accomplished  either  by  a  change  of  internal  state  in  which  only 
one  state  variable  changes,  or  by  a  change  of  internal  state  in  which  a  multiple 
change  of  state  variables  does  not  involve  a  critical  race. 

A  race  occurs  whenever  a  required  internal  transition  involves  the 
change  of  two  or  more  state  variables  simultaneously.  If  the  result  of  a  race 


may  lead  to  false  operation  of  the  circuit  we  designate  it  as  a  critical  race. 
Internal  states  which  differ  in  only  a  single  variable  are  said  to  be  adjacent 
states.  The  problem  then  is  to  assign  state  variables  so  that  each  inter-row 
transition  is  represented  by  adjacent  states.  When  this  type  of  assignment  is 
possible,  we  call  the  circuit  totally  sequential .  In  a  totally  sequential 
circuit,  only  one  state  variable  is  excited  at  any  time  during  a  transition. 
Another  type  of  state  variable  assignment  is  to  allow  multiple  changes  of 
variables.   In  this  case  we  must  be  certain  that  every  race  condition  always 
leads  to  a  definite  and  appropriate  destination.  There  must  not  be  any  ambiguity 
about  the  ultimate  destination.  We  shall  call  such  races  non-critical.  When 
the  inter-row  transitions  demanded  in  the  flow  table  cannot  be  satisfied  by 
using  the  minimum  number,  So,  of  state  variables,  we  would  like  to  achieve  a 
satisfactory  assignment  with  as  little  increase  in  the  number  of  state  variables 
as  possible.  This  is  the  state  variable  assignment  problem. 


2.2  Mathematical  Formulations 

Let  us  consider  the  following  block  diagram  of  a  sequential  circuit 
(Fig.  2.1). 


Input  X, 


Z   Output 
■'■J 


Fig.  2.1 


The  vectors  X^  Y.,  W  ,  and  Z   have  the  following  designations: 


ij 


X.^  =  (xx,  x2,  ...,  x  )  is  called  the  ith  input  combination. 
Yj  =  ^yi'  yt'    '"'   ym^  is  caJLLed  the  Jth  internal  state. 


When  the  input  is  X.,  we  call  X.  the  present  input ♦  Similarly,  when  the 

internal  state  is  Y.,  we  call  Y.  the  present  internal  state. 

J  J 

W. .  =  (wi,  W2,  •  ••,  w  )  is  called  the  next  internal  state  corresponding 
to  the  present  input  X.  and  present  state  Y,. 

Z   =  (zi,  Z2,  •  ••,  z,)   is  called  the  present  output, 
lj  k 

The  actual  ordering  is  arbitrary  here,  but  the  decimal  equivalent  of  the 
combination  is  often  particularly  convenient.  All  the  components  in  the  vectors 
assume  only  the  values  of  0  or  1. 

Basic  to  the  description  of  a  sequential  circuit  is  the  specification 
of  a  transformation  upon  the  vector  (X. ,  Y,).  Let  Q  be  the  set  of  all  vectors 
(X. ,  Y,).  These  are  called  total  states  and' are  obtained  by  letting  each 
component  pass  through  its  range  0,  1.  The  transformation  W   =  W(X. ,  Y.)  maps 
Q  into  itself,  and  therefore  describes  the  circuit  actions.  Another  transforma- 
tion Z.  =  Z(X.,  Y  )  describes  the  changes  of  the  output  of  the  circuit.  These 
transformations  can  be  put  into  tabular  form  as  shown  in  Fig.  2.2. 


xi 

YJ 

(wij>  ziJ> 

Fig.  2.2 


Such  a  tabulation  is  called  a  flow  table. 

A  flow  table  is  said  to  be  complete  if  every  row  has  a  complete  set 
of  next  state  entries  corresponding  to  all  possible  inputs.  Otherwise  it  is 
said  to  be  incomplete .  In  practice,  not  all  inputs  can  always  occur  for  a  given 
internal  state.  The  entries  for  those  inputs  which  are  not  possible  are  called 
don't  care  entries. 


8 
The  problem  of  assignment  of  state  variables  can  be  defined  as 


follows : 


Given  the  transformation  W..  =  W(X.,  Y.),  we  want  to  find  a  binary 
coding  for  Y  ,  i.e.,  Y  -*  (y*[,  yJ,..,  y^),  yjj  =  [J  ,  such  that  for  all  i  and  j 
the  next  internal  state  W   is  uniquely  defined  as  a  vector  whose  components 
are  Boolean  functions  of  the  components  of  X.  and  Y..   In  general,  there  will 
be  many  such  binary  codings  possible.  The  object  of  this  investigation  is  to 
find  a  coding  with  a  minimum  number  of  binary  variables.  We  shall  also  discuss 
state  variable  assignments  with  non-critical  races  introduced  for  the  purpose 
of  increasing  the  operation  speed  of  the  circuit. 

We  shall  restrict  our  main  effort  to  flow  tables  without  cyclic  state 
variable  actions.  Indeed,  when  cycling  occurs,  the  entire  set  of  states  involved 
in  the  cycling  action  can  be  treated  as  one  stable  state  and  then  separated  with 
the  aid  of  a  suitable  additional  number  of  state  variables.  This  procedure  may 
require  more  state  variables  than  would  a  direct  attack  on  the  entire  problem, 
but  it  also  often  leads  to  a  much  simpler  final  circuit. 

2".  3  Some  Bounds  on  the  Number  of  State  Variables 

The  problem  of  assignment  of  state  variables  can  be  considered  to 
fall  generally  into  two  classes.  First,  there  is  the  problem  of  making  a  state 
variable  assignment  for  a  specific  flow  table.  The  second  type  of  problem  is 
the  general  one  of  making  assignments  which  satisfy  any  possible  requirements 
of  a  flow  table  of  a  given  number  of  rows. 

When  we  assign  S  state  variables  to  represent  the  r  rows  of  a  flow 
table,  the  smallest  number  of  state  variables  we  can  possibly  use  is  given  by 
S  =  S0,  where  S0  is  the  smallest  integer  such  that  2  °  >  r.  In  general, 
however,  SQ  state  variables  are  not  enough.  We  now  proceed  to  consider  in 


detail  the  general  assignment  for  r-rov  flov  tables.  We  can  establish  certain 
bounds  on  the  number  of  state  variables  needed  in  the  solution  [Hu  2]. 

When  more  than  So  state  variables  are  used,  the  situation  is  as 
follows.  There  is  a  set  of  r  internal  states,  Yi,  ¥2,    . .,  Y  ,  each  defined  by 
a  row  of  the  flow  table.  Only  these  r  states  can  be  terminal  states.  However, 
when  a  transition  is  initiated  with  more  than  one  state  variable  changing, 
depending  on  the  relative  speeds  of  transition  of  the  state  variables,  any  one 

of  a  number  of  next  states  may  result.  We  can  base  the  state  variable  assign- 

g 
ment  on  a  partitioning  of  the  set  of  2  sequences  into  r  disjoint  sets,  Pi, 

P2,  •••,  P  ,  each  set  P.  being  identified  with  a  corresponding  state  Y.  such 

that  when  transition  enters  an  element  of  P.,  the  circuit  terminates  at  Y.. 

As  described  in  section  2.1,  the  most  desirable  state  variable  assign- 
ment is  one  in  which  the  next  internal  states  are  so  coded  that  they  never 
differ  in  more  than  one  state  variable  from  the  present  internal  states  they 
depend  upon.  Then  the  relationships  among  the  delays  associated  with  the 
various  state  variables  become  unimportant  in  circuit  operation.  The  idea  of 
using  partitions  of  the  n-cube  graph  to  represent  internal  states  was  first 
suggested  by  Huffman.  In  this  scheme,  changes  of  internal  state  cause  movement 
within  the  set  of  states  in  the  partition  assigned  to  the  row  of  origin  of  the 
transition,  until  a  state  is  reached  that  differs  in  only  one  variable  from  some 
state  in  the  partition  assigned  to  the  row  of  destination;  one  single  change 
of  state  variable  will  then  take  us  to  the  destination. 

Let  us  now  define  the  properties  of  our  partitions.  Each  partition 

will  consist  of  a  set  of  vertices  and  a  set  of  edges  of  the  n-dimensional  unit 

cube.  In  the  first  place,  we  want  all  the  vertices  in  each  partition  to  be 

connected.  With  each  edge  B  of  the  cube  there  are  associated  two  vertices  of 

the  cube  which  are  said  to  be  incident  with  B.  Let  V.  and  V.  be  any  two 

■*■     J 
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vertices  of  a  partition  P  .  We  say  that  they  are  connected  in  P  if  there 
exists  a  finite  sequence  x  of  vertices  b.  and  edges  B. : 

x  =  (b0,  Bo,  bi,  Bi, ...,  br,  Br,  b^) 

satisfying  the  following  conditions: 

(i)  bo-V  b^-Vj. 

(2)  The  members  of  x  are  alternately  vertices  and  edges  of  P  . 

(3)  The  consecutive  members  of  x  are  incident. 

A  partition  P  must  then  have  the  following  property. 

(A)  Each  pair  of  vertices  of  P  is  connected. 

A  second  property  each  partitioning  must  possess  is  the  connection  between  every 
pair  of  partitions: 

(B)  Given  any  pair  of  partitions  P  and  P,  ,   there  must  exist  at 

Si  D 

least  a  pair  of  vertices  V.  €  P  ,  and  V.  €  P.  and  an  edge  B  such 

"^  1    a'      J    b         ° 

that  V  and  B,  V  and  B  are  incident. 

In  the  following  section  we  shall  show  an  upper  bound  on  the  number  of  such 
partitions  obtainable  from  an  n-cube. 

Theorem  2.1  (Huffman):  The  maximum  number  of  partitions  Pi,  P2,  •••,  P  of  the 
vertices  of  an  n-cube  which  possess  properties  (A)  and  (B)  is  at  least 

m  =  2  2        (n  odd) 

H-l 

2 
=  3x2        (n  even) 

Proof:  We  shall  show  by  construction  that  the  formula  gives  an  obtainable 

number  of  partitions. 

(l)  For  n  odd. 

We  can  arrange  the  partitions  in  a  map  form.  Divide  the  n  binary 

n+1 
variables  into  two  subsets,  one  with  -5-  members  and  the  other  with 


11 


£^i  .  We  shall  arrange,  in  Gray  code  order,  all  the  possible 

n+1 
combinations  of  =~  variables  in  the  first  subset  on  the  vertical 

coordinate  of  the  map  and  the  n^j-  variables  on  the  horizontal 

coordinate.  The  arrangement  can  be  illustrated  by  the  examples  shown 

in  Fig.  2.3- 
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Fig.  2.3 


Let  us  examine  the  example  shown  in  part  (b)  of  Fig.  2«3»  Here  we 
have  n  =  5.  The  map  is  first  divided  into  two  vertical  halves .  Then 
alternating  vertical  and  horizontal  boundaries  are  drawn  as  shown. 

Partition  designators  are  then  entered  in  the  map.  There  are  in  total 

n+1 

2 
2     horizontal  cells  and  the  same  number  of  vertical  cells.  This 

process  of  alternating  vertical  and  horizontal  groups  of  entries  will, 

n+1 

2 
therefore,  give  us  2    partitions,  since  each  partition  requires  one 
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horizontal  and  one  vertical  cell.  The  connectedness  i6  best 
understood  by  studying  the  naps  given.  It  depends  on  the  symmetry 
properties  of  the  Gray  code.   It  is  clear  from  the  maps  for  n  »  5 
and  n  =  7  (for  n  =  3  the  map  has  a  different  pattern,  Fig.  2.3(a)) 
that  a  stable  pattern  that  can  be  extended  to  any  odd  number  of 
variables  has  been  reached. 

(2)  For  n  even. 

The  map  in  this  case  will  have  ^  variables  on  each  dimension. 
Again  we  divide  the  map  into  two  vertical  halves.  We  partition  one 
half  of  it  by  the  same  rule  used  for  n  being  odd.  We  will  obtain  *■ 
partitions.  The  other  half  is  now  divided  into  the  same  number  of 
cells.  We  enter  in  the  upper  half  partition  designators  in  the  same 
manner  and  repeat  these  designators  in  the  lower  half  with  the  alter- 
nating process.  It  is  illustrated  in  Fig.  2.k.     Here  a  basic  pattern 
begins  to  appear  for  n  >  6.  Once  again,  it  is  clear  that  a  stable 
pattern  that  can  be  extended  to  any  even  number  of  variables  has  been 
reached.  In  this  case  we  have  in  total 


22  +  |  (22)  =  |  (22)  =  3x22 


5-1 


partitions . 


Corollary :  The  number  of  partitions  obtained  from  this  method  is  maximum  for 
n  <  4. 

Proof;  Consider  the  number  of  vertices  in  the  partitions.  If  the  smallest 

partition  contains  only  one  vertex,  then  the  nwxiim>ro  number  of  parti- 
tions cannot  exceed  n+1  since  there  are  only  n  vertices  adjacent  to 
a  fixed  vertex.  If  the  smallest  partition  has  two  vertices,  then  we 
can  have  at  most  2n-l  partitions,  etc.  If  the  minimum  number  of 


13 


00 

01 

11 

10 

00 

0 

0 

1 
1 

1*.  k 

01 

5  5 

11 

2  2 

1+ 
k 

5 
5 

10 

3  3 

000 
001 
Oil 
010 
110 

111 

101 
100 


000 

001 

Oil 

010 

110 

111 

101 

100 

0 
0 

1 
1 

2 

2 

8 
8 

9 
9 

8   8 

3 

3 

9   9 

0   0 

2 
2 

3 
3 

10  10 

10 
10 

11 
11 

1  1 

11  11 

k 

5 

4 

k 

8 
8 

9 

9 

10  10 

k      5 

5 

5 

11  11 

6   6 

6 
6 

7 
7 

8   8 

10 
10 

11 
11 

7   7 

9   9 

(a) 


(b) 


0 
0 
0 
0 

1 
1 
1 
1 

2 
2 

2 
2 

3 
3 
3 
3 

k 

k 

k 

k 

16 
16 
16 
16 

17 
17 
17 
17 

18 
18 
18 
18 

19 

19 
19 
19 

16  16 

16  16 

5 

5 

5 

5 

17  17 

17  17 

"6 

6 

6 

6 

18  18 

18  18 

7 

7 

7 

7 

19  19 

19  19 

0 

0 

0 

0 

k 
k 
k 
k 

5 
5 
5 
5 

6 
6 
6 
6 

7 
7 
7 
7 

20 

20 

20 

20 

20 
20 
20 
20 

21 
21 
21 
21 

22 
22 
22 
22 

23 
23 
23 
23 

1 

1 

1 

1 

21 

21 

21 

21 

2 

2 

2 

2 

22 

22 

22 

22 

3 

3 

3 

3 

23 

23 

23 

23 

8 
8 

8 
8 

9 
9 
9 
9 

10 

10 
10 
10 

11 
11 
11 
11 

8 

8 

8 

8 

16 
16 
16 
16 

17 
17 
17 
17 

18 
18 
18 
18 

19 
19 
19 
19 

20  20 

20  20 

9 

9 

9 

9 

21  21 

21  21 

10 

10 

10 

10 

22  22 

22  22 

11 

11 

11 

n 

23 

23 

23  23 

12 

12 

12 

12 

12 
12 
12 
12 

13 
13 
13 

13 

Ik 

Ik 
Ik 
Ik 

15 

15 
15 
x5 

16 

16 

16 

16 

20 
20 

20 
20 

21 
21 
21 
21 

22 
22 
22 
22 

23 

23 
23 
23 

13 

13 

13 

13 

17 

17 

17 

17 

Ik 

Ik 

Ik 

Ik 

18 

18 

18 

18 

15 

15 

15 

15 

19 

19 

19 

19 

(c) 


Fig.  2.k 


vertices  in  any  partition  is  m  and  there  are  k  partitions,  then 
evidently  mk  <  2  .  Following  these  lines  of  reasoning  we  can  make  the 
table  shown  in  Table  2.1. 


Ik 


n 

Minimum  Number 

Maximum  Possible 

of  Vertices  in 

Number  of 

Any  Partition 

Partitions 

1 

3 

2 

2 

2 

3 

1 

1 

4 

2 

if 

3 

3 

2 

k 

2 

1 

5 

1* 

2 

7 

..  _ 

3 

5 

Table  2.1 

For  n  <  3  the  corollary  is  proved  since  partitionings  containing 
these  maximum  number  of  partitions  exist  in  each  case.  For  n  =  k   we 
shall  demonstrate  that  it  is  impossible  to  have  seven  partitions. 
Assume  that  we  can  construct  seven  partitions.  We  may  start  the  con- 
struction by  choosing  any  pair  of  adjacent  vertices  as  one  partition. 
Then  the  first  vertices  of  the  other  partitions  are  made  to  be 
connected  to  the  first  partition.  This  is  illustrated  in  Fig.  2.5- 
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Now  we  shall  try  to  make  all  partitions  be  mutually  connected.  There 
are  two  vertices  that  may  be  added  to  partition  2.  Once  a  choice  is 
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made,  the  additional  vertices  for  partitions  3  and  k  will  be  fixed. 
The  situation  is  the  same  with  partitions  5,  6,  and  7.  Figure  2.6 
shows  all  four  possible  ways  of  completing  the  map.  There  are  no 
other  fundamentally  distinct  cases  possible  since  all  other  cases 
arise  from  these  by  applying  input  transformations  to  the  variables 
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Fig.  2.6 
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Note  that  the  maps  shown  in  parts  (b)  and  (c)  do  not  possess  as  many 
mutually  connected  partitions  as  those  shown  in  parts  (a)  and  (d). 
Therefore  we  will  only  examine  the  maps  shown  in  parts  (a)  and  (d)  of 
Fig.  2.6.   In  part  (a)  we  do  not  have  connections  between  partitions  2 
and  5,  3  and  6,  and  4  and  7°  In  part  (d)  no  connections  between  par- 
titions 2  and  6,    3  and  7,  and  h   and  5  exist.  An  attempt  to  make 
the  required  connections  by  using  the  unfilled  two  cells  in  the 
map  fails  in  both  cases.  Therefore,  it  is  impossible  to  obtain 
seven  partitions  when  n  =  k.     Partitioning  containing  six  parti- 
tions exists  in  this  case.  The  corollary  is  thus  proved. 
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For  n  >  k,   the  general  problem  of  maximum  number  of  partitions  has 
not  been  solved. 

From  theorem  2.1,  we  can  find  an  upper  bound  on  the  number  of  state 
variables  required  for  a  general  r-row  flow  table  where  all  possible  inter-row 
transitions  are  required.  We  simply  put  r  =  m  in  theorem  2.1  and  solve  for  n. 
We  know  that  the  necessary  and  sufficient  number  of  state  variables  required 
for  any  specific  flow  table  of  r-rows  lies  between  So  and  the  number  n  calcu- 
lated in  the  manner  stated  from  theorem  2.1.  However,  we  do  not  know  the  exact 
number  of  state  variables  required.  Nor  do  we  know  if  n  is  a  least  upper  bound 
for  n  >  k-.     In  what  follows  we  shall  demonstrate  a  different  approach  to  the 
problem  of  state  variable  assignment. 


17 
III.  METRIC  PROPERTIES  OF  BINARY  SEQUENCES 

We  shall  discuss  in  this  section  some  metric  properties  of  binary 
sequences  and  their  application  to  the  state  variable  assignment  problem.  We 
shall  prove  a  metric  property  of  a  general  state  variable  assignment. 

3.1  N-dimensional  Cube  and  Binary  Sequences 

The  set  of  edges  of  a  unit  n-dimensional  cube  forms  a  linear  graph 

n 
which  we  shall  call  the  n-cube  graph  C  .  C  has  2  vertices,  each  labeled  by 

an  n-tuple  (ai,  8i2,-->,   a  ),  a.  =  0  or  1.  Two  vertices  are  joined  by  a  line 

of  C  ,  i.e.,  are  adjacent,  if  their  coordinates  agree  in  all  but  one  of  the 

n  places .  Let  us  define : 

n 
L(a,  b)  =^  jai  -  b± 

i=l 

Observe  that  for  the  type  of  vector  we  are  considering,  this  counts  the  number 

of  components  in  a  which  are  distinct  from  the  corresponding  components  of  b. 

That  L  (a,  b)  is  a  proper  metric  can  be  shown  readily  [Mu  1] . 

Let  us  divide  the  2  vertices  of  C  into  subsets  and  call  the  vertex 

n 

Vo( 0,0,0, .. .,0)  the  subset  of  zero  rank.  Then  a  subset  of  k-th  rank  can  be 

defined  as  the  subset  which  contains  all  vertices  V.  with  the  property  that 

L(V<d,  v-  )  -   k.  There  are  in  all  n+1  subsets  of  this  kind-  The  number  of 

vertices  in  a  subset  is  (.  ).  Consider  the  subset  of  k-th  rank.  Let  us  denote 

k 

the  distance  between  any  pair  of  vertices  of  this  subset  with  L,  =  d. 

Theorem  3.1:  The  number  of  vertices  of  the  subset  of  k-th  rank  at  a  distance 
L,  =  d  from  a  given  vertex  of  this  subset  is  given  by: 


18 

Proof ;  If  k  is  odd  then  every  member  in  the  k-th  subset  has  an  odd  number 

of  l's.  Therefore  L,  =  d  must  be  an  even  number .  If  k  is  even  then 

every  member  in  the  k-th  subset  has  an  even  number  of  l's,  We  note 

that  d  must  in  this  case  also  be  an  even  number.  The  number  of 

vertices  within  the  k-th  subset  with  L,  =  d  can  be  counted  as  follows. 

There  are  exactly  k  l's  and  n-k  O's  in  every  vertex  of  the  k-th  subset. 

Suppose  that  within  this  subset  vertex  V  is  at  a  distance  d  from 

vertex  V,  .  There  are  exactly  d  components  in  V  which  are  distinct 

from  those  in  V'  :  t  l's  of  V  are  matched  by  O's  in  V,  and  -x   O's  of 
b   2        a  b     2 

V  are  matched  by  l's  in  V,  .  The  number  of  ways  to  choose  p-  l's  from 

,  k  a 

the  k  l's  of  V  is  \A/^)   and  the  number  of  ways  to  choose  p  O's  from 

n-k 
the  n-k  O's  of  V  is  (,,~)*  Hence  the  theorem, 
a     d/  2 

Theorem  3-2:  The  maximum  distance  between  vertices  within  the  k-th  subset  is 

equal  to 

L.    =  2k        f  or  k  <  §  ,   or  k  <  —=■ 
k  —  2  '  —  2 

max 

n-1 


=  2(n-k)     for  k  >  |  ,  ork>y 

Proof:    1.  For  k  <  g  ,  or  <  *~ 

There  are  k  one's  in  every  vertex.  The  maximum  distance  between 

any  pair  of  vertices  is  therefore  k  +  k  =  2k. 
2.  For  k  >  |  or  >  ~i 

The  maximum  distance  between  two  vertices  is  obviously  equal 

to  2(n-k). 

Let  us  now  consider  two  subsets  of  ranks  k  and  r.  Let  L,   =  p  be  the  distance 

from  any  vertex  of  the  k-th  subset  to  a  vertex  of  the  r-th  subset.  We  know, 

for  k  <  r,  the  minimum  distance  L^    =  r-k.  The  next  possible  distance  will 

min 

be  \r   =  r"k+2. 
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Theorem  3- 3:  For  each  given  vertex  of  the  k-th  subset,  the  number  of  vertices 
in  the  r-th  subset,  k  <  r,  satisfying  the  condition  that  L,   equals 
to  r-k  is  given  by 

N 
P  • 


Proof:  We  note  first  that  the  condition  L,   =  r-k  is  satisfied  if  all  k  one's 
kr 

in  a  vertex  of  the  k-th  subset  coincide  with  one's  (k  out  of  r)  in  a 

vertex  of  the  r-th  subset.  The  total  number  of  vertices  in  the  r-th 

subset  satisfying  the  condition  L,   =  r-k  is  therefore  equal  to  the 

number  of  combinations  of  n-r  zeros  taken  from  n-k  zeros,  that  is, 
n-k' 
.n-r 


Corollary:   If  k  >  r,  N     =  (  ). 

pmin 

Proof :  We  can  replace  k  and  r  by  k'  =  n-k  and  r'  =  n-r  respectively  and  apply 

the  result  of  theorem  3-3« 

Theorem  ~$.ki     The  maximum  distance  between  a  vertex  in  the  r-th  subset  and  a 


vertex  in  the  k-th  subset  is  L 


kr 


=  2n-k-r,  for  n  <  k  +  r,  and 


max 


kr 


=  k  +  r,  for  n  >  k  +  r. 


max 


Proof:   It  is  obvious  from  Fig.  3-1 


O's 

r  l's 

O's 

k  l's 

O's 

(a)  n  >  k+r 


n-r  O's 

r  l's 

T  '" 

k  l's             i  k+r-n 
i 

O's 

(b)  n  <  k+r 


Fig.  3-1 


20 

A  set  of  vertices  from  an  n-cube  is  said  to  be  equidistant  if  the 
distance  between  every  pair  of  vertices  in  this  set  is  the  same.  Let  us  now 
consider  a  set  of  mutually  equidistant  vertices.  Let  d  be  the  distance  between 
every  pair  of  vertices  of  the  set.  It  is  then  obvious  that  for  d»l  the  number 
of  vertices  in  such  a  set  is  always  two  on  any  n-cube.   If  we  include 
Vo(0,0,  ..,0)  as  an  element  of  a  set  of  equidistant  vertices,  then  all  other 
elements  must  be  vertices  in  the  d-th  rank  subset.  From  theorem  3-1  we  know 
that  d  must  be  an  even  number . 

A  set  of  vertices  with  a  minimum  distance  d  between  every  pair  of 
elements  in  the  set  is  useful  for  error-correcting  codes  [Mu  1,  Mc  1] .  It  can 
be  shown  that  in  such  a  set  of  vertices,  if  Vi  and  V2  are  members  of  the  set, 
:then  Vx  -  V2  (mod.  2)  is  also  in  the  set  [Pe  1] . 

Theorem  3.5 :  For  n  =  2  -  1,  there  are  2  equidistant  vertices  with  mutual 

distance  d  =  2  "  . 
Proof;  We  know  that  for  an  error  correcting  code  having  minimum  distance  d 

and  m  message  bits,  the  length  of  the  code,  n,  must  satisfy 

Since  n  is  an  integer,  this  bound  can  be  met  exactly  when  d  ■  2  "  ; 
i.e.,  for  the  given  values  of  d  and  n,  2m  vertices  at  distances  >  d 
exist. 

That  these  vertices  are  equidistant  can  be  shown  as  follows.   If 
all  2  n-tuples  are  written  under  each  other  as  rows  of  a  matrix,  each 
column  of  this  matrix  contains  exactly  2m~  l's  [Pe  1] .  It  follows 
that  the  total  number  of  l's  in  this  matrix  will  be  n*2 .  The  mini- 
mum distance  between  any  pair  of  vertices  would  be  maximized  if  these 
l's  were  uniformly  distributed  among  the  2m  -  1  n-tuples  because  out 
of  2  n-tuples  one  is  all  0's,  i.e.,  for  any  such  code  ve  have 
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d<»_^  . 
"  2m-  1 

For  n  =  2m  -  1,  this  yields  d  <  2m~1 .  But  d  >  2m~1.  Therefore  each 

n- tuple  has  exactly  2m~1  l's.  Suppose  L(Vi,  V2)  >  a""1,  then  Vi  -  V2 

cannot  be  a  member  of  this  set,  since  Vi  -  V2  has  more  than  2  "  *  l's. 

This  is  a  contradiction.  Hence  L(Vi,  V2)  ■  2°"  in  every  case. 

A  method  of  generating  equidistant  error- correcting  codes  of  m  =  k+1 

message  bits  from  a  code  of  m  =  k  message  bits  can  be  described  as  follows  [Ma  1] 2 

(1)  Prefix  a  column  of  O's  to  the  array  of  code  words  for  ■  =  k 
message  bits. 

(2)  Generate  the  code  words  for  m  =  k+1  message  bits  by  copying  the 
augmented  array  for  m  =  k  message  bits  in  upper  right,  upper  left  and  lower 
left-hand  quadrant  of  the  array  for  m  =  k+1,  and  copying  the  complement  of  the 
augmented  array  for  k  into  the  lower  right-hand  quadrant  for  k+1. 

(3)  Delete  the  all  O's  column. 

This  is  illustrated  by  the  following  example . 
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5.2  A  Condition  for  State  Variable  Assignments 

The  operation  of  a  sequential  circuit  can  be  viewed  as  an  operating 
point  moving  in  the  flow  table.  The  operating  point  can  move  only  horizontally 
(in  a  row)  and  vertically  (in  a  column)  in  the  flow  table.  A  new  input  may  be 
specified  only  when  the  operating  point  is  at  a  stable  next  state  entry.  The 
external  input  source  must  be  restricted  so  as  to  guarantee  this.  Thus, 
assume  that  the  operating  point  is  at  a  stable  total  state  (X.,  Y  )  and  that 
then  an  input  X,  (k  f   i)  is  applied,  so  that  the  operating  point  moves  hori- 
zontally to  the  X,  column   (Fig.  3-5) •   If  the  total  state  (X.,  Y.)  is  a  stable 
one,  the  operating  point  will  remain  there  until  the  next  input.  However,  if 
the  state  (X,,  Y.)  is  unstable,  the  operating  point  will  then  move  vertically 
within  the  X  column  until  it  reaches  the  designated  stable  next  state  entry. 
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Fig.  5-3 


The  vertical  movement  of  the  operating  point  is  governed  by  the  state 

variables.  Correct  operation  of  the  circuit  depends  largely  upon  the  state 

variable  assignment. 

Theorem  J>.Gi     A  state  variable  assignment  in  which  the  row  assignments 

correspond  to  an  equidistant  error- correcting  code  contains  no 
critical  races. 

Proof:  Suppose  there  are  n  =  2m  -  1  state  variables,  and  the  distance  between 
each  pair  of  states  is  d  ■  2m"  .  Then  the  transition  from  any 
arbitrary  state  n  to  any  other  state  r2  is  the  change  of  d  state 
variables.  Let  us  consider  another  aribitrary  state  r3.  This 
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state  is  at  a  distance  d  from  both  ri  and  r2.  Suppose  a  critical 
race  in  the  transition  from  ri  to  r2  and  involving  state  ra  exists. 
Then  the  n-d  state  variables  which  do  not  change  in  ri  and  r2  must 
have  the  same  values  as  the  corresponding  variables  in  r3.  Therefore 
r3  cannot  be  at  a  distance  d  from  both  ri  and  r2.  This  contradicts 
the  hypothesis o  Now  it  remains  to  be  checked  if  the  transition 
between  any  pair  of  rows,  say  ri  and  r2,  will  race  critically  with 
the  transition  between  another  pair  of  rows,  say  r3  and  r.  .  We  must 
find  out  if  any  of  the  possible  intermediate  states  between  ri  and 
r2  would  appear  also  between  r3  and  r^,  or  any  other  pair  of  rows. 
We  know  that  an  equidistant  code  with  distance  d  =  2  '  '  is  capable 

of  correcting  2    -  1  errors  and  detecting  2  "*"  errors.  Therefore 

m-2 
any  intermediate  states  at  distances  <  2  '  '  -  1  from  either  ri  or  r2 

cannot  appear  between  any  other  pair  of  rows.  We  shall  now  show  that 

the  intermediate  states  at  a  distance  2  "  '  between  ri  and  r2  cannot 

appear  between  any  other  pair  of  rows.  Let  V  be  a  vertex  at  a 

ITI-P 

distance  2  "  from  both  ri  and  r2  then  we  can  represent  V  as  follows; 


2m'1   -  1  bits 

2m"2  bits 

2m"2  bits 

S                                                       N  r 

same  as  ri  and  r2 

same  as  n 

same  as  r2 

Fig.  3.1*. 

If  V  is  also  at  a  distance  2  "'"  from  another  pair  of  rows,  r,  and 
r.,  then  V  must  contain  k   x  2    bits.  Therefore  any  intermediate 
states  between  a  pair  of  rows  cannot  appear  between  any  other  pair 
of  rows . 

Since  an  equidistant  error- correcting  code  of  2  message  words 
requires  2-1  bits,  the  number  of  state  variables  required  for  a  flow  table 
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of  28°  rows  vill  be  28°  -  1.  Note  that  this  number  of  state  variables  is 
sufficient  for  any  general  2  -row  flow  table .  It  is  interesting  to  note  that 
in  this  assignment  all  non-critical  races  in  a  transition  can  be  used  to 
increase  the  speed  of  the  circuit  because  any  intermediate  states  between  a 
pair  of  rows  do  not  appear  between  any  other  pair  of  rows. 
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IV.  AUGMENTATION  OF  FLOW  TABLES 


k.l    General  Discussion 

One  general  approach  to  the  problem  of  state  variable  assignment  is 
first  to  make  an  initial  assignment  using  the  minimum  number  of  variables,  So, 
for  an  r-row  flow  table .  When  the  interrow  transitions  required  in  the  flow 
table  cannot  be  satisfied  by  using  this  minimum  number  of  state  variables,  we 
increase  the  number  of  state  variables  to  achieve  a  satisfactory  assignment. 
We  shall  show  in  this  section  a  method  to  determine  the  exact  number  of 
additional  state  variables  required.  This  number  may  vary  with  the  particular 
initial  assignment  chosen. 

To  examine  this  problem  in  terms  of  a  specific  example,  let  U6 
consider  a  flow  table  of  four  rows  as  shown  in  Fig.  k.l. 


00 

01 

11 

10 

a 

® 

3 

k 

© 

b 

1 

k 

© 

© 

c 

k 

© 

o 

1 

d 

© 

© 

© 

2 

Fig.  4.1. 


We  observe  that  all  possible  transitions  are  demanded  in  this  flow  table.  Any 
attempt  to  make  an  assignment  with  two  state  variables  will  result  in  some 
critical  races  in  the  circuit  because  some  transitions  will  involve  the  change 
of  both  state  variables .  The  question  is  how  many  more  state  variables  we 
must  introduce  to  satisfy  all  the  requirements .  For  this  example  we  must  add 
one  more  variable.  An  equidistant  assignment  of  three  variables  is  given  in 
Fig.  k-2.     It  is  a  simple  matter  to  verify  that  this  assignment  satisfies  all 
the  interrow  transitions . 
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k.2     The  Initial  Assignment 

Suppose  we  have  an  arbitrary  r-row  flow  table.   Let  us  represent 
the  rows  by  points  and  draw  a  line  between  two  points  if  a  transition  is 
required  between  these  rows.   Such  a  diagram  is  called  a  transition  diagram 
(see  Fig.  4.1  for  an  example). 
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We  first  outline  a  basic  procedure  for  making  the  initial  assignment 
for  a  flow  table.  An  initial  assignment  is  an  assignment  using  the  minimum 
number,  So,  of  state  variables  to  satisfy  some  transition  requirements  in  the 
flow  table. 

Basically  there  are  two  types  of  transitions  that  exist  in  the 
columns  of  the  flow  table.  We  can  observe  them  in  the  flow  table  shown  in 
Fig.  4.3. 
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Consider  row  C  from  which  transitions  are  required  to  row  A  (state  l)  and  to 
row  B  (state  2).  However,  note  that  the  transition  from  row  C  to  row  A  may 
be  made  either  directly  or  by  way  of  the  uncircled  1-entry  in  row  B.  We  are 
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not  certain  at  this  moment  which  route  ve  want.  Therefore  we  use  a  dotted 
line  in  Fig.  k.J   to  represent  this  type  of  transition.  In  contrast,  consider 
the  required  transition  from  row  C  to  the  entry  2  in  row  B.  The  uncircled 
entry  2  appears  only  once  in  this  column  so  this  transition  must  be  direct. 
We  shall  use  solid  lines  to  represent  those  transitions  which  must  be 
accomplished  by  a  single  route. 

The  basic  rule  in  making  an  initial  assignment  with  So  state 
variables  is  to  satisfy  as  many  of  the  requirements  for  direct  transitions  as 
possible.  Then  an  attempt  is  made  to  satisfy  some  of  the  requirements  for 
indirect  transitions,  if  possible.  Generally  speaking,  for  an  n  »  2  -row  flow 
table,  m  state  variables  are  not  sufficient  if  the  transition  diagram  of  this 
flow  table  contains  circuits  with  an  odd  number  of  edges.   Let  us  consider 
the  following  example: 
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We  can  complete  the  transition  diagram  as  shown  in  Fig.  4.5. 
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Fig.  4.5 

We  8 hall  try  to  use  three  state  variables  to  satisfy  all  the  transition 
requirements.  Figure  4.6(a)  shows  an  assignment  which  will  satisfy  all 
direct  transitions  except  the  one  required  between  row  H  and  row  G.  Some  of 
the  indirect  transitions  are  also  satisfied  in  this  assignment.  For  instance, 
GE  and  EF.  Figure  4.6(b)  is  the  excitation  table  derived  from  this  assignment 
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There  will  be  a  critical  race  for  the  transition  indicated  by  the  arrow  in  the 
01-column  of  Fig.  4.6(b).  It  cannot  be  removed  by  using  any  of  the  preceding 
six  combinations  in  place  of  010  in  row  G,  column  01. 

ifo 3  Number  of  Additional  State  Variables 

In  the  last  section  we  discussed  a  basic  rule  in  making  an  initial 
assignment  of  state  variables.  When  the  interrow  transitions  demanded  in  the 
flow  table  cannot  be  satisfied  by  using  the  minimum  number,  So,  of  state 
variables,  we  would  like  to  achieve  a  satisfactory  assignment  with  the  smallest 
possible  increase  in  the  number  of  state  variables.  We  shall  now  treat  the 
problem  of  the  number  of  additional  state  variables  that  must  be  added. 

Definition  4.1:  A  total  state  of  a  sequential  switching  circuit  is  any 
combination  of  an  input  state  and  an  internal  state. 

Definition  4.2:  The  decimal  total  state  number  is  defined  by  the  following 

formula . 

p-1         p+s-1 

x,  21  +  \    y.  2J 


/0 

where  x,,y.  = 
i'\J 


i      Z_.  "J 


i-0  J=p 


and  \ 


x  ,  x   . . . . .xo  represents  an  input  state 

v-r^.a  i  vt^.o  o'-°--y^   represents  an  internal  state 


The  operation  of  a  sequential  switching  circuit  can  be  viewed  as  the 
change  of  total  state  numbers .  We  can  describe  the  information  represented 
by  a  flow  table  by  a  transition  chart  of  total  states .  If  we  represent  a 
stable  total  state  by  a  circled  number  and  an  unstable  one  by  an  uncircled 
number,  then  a  typical  race-free  transition  chart  would  look  like  the  one 
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shown  in  Fig.  k.f.     The  numbers  appearing  on  the  first  arrow  indicate  the  input 

combination  responsible  for  the  chain  of  transitions.  Such  an  input  combination 

is  of  course  distinct  from  that  of  the  initial  total  state  0,  since  otherwise 

there  would  be  no  instability  and  hence  no  transition. 

01 
© 1-^5—13—® 

Fig.  4.7 

Definition  k.~5'.     A  critical  race  condition  occurs  when  an  input  change  leads 
to  an  unstable  total  state  that  can  be  followed  by  different  stable 
terminal  states  as  a  result  of  the  circuit  operations  that  occur 
before  the  next  input  change,  e.g.: 

01  S 

®—5—  29— (25) 


Fig.  4.8 

The  particular  stable  state  attained  will  depend  on  the  relative 
speeds  of  operation  of  the  circuit  elements  involved  in  the  transition. 

Denote  the  state  variables  in  a  given  assignment  by  y    ..y     ... 
. . .y  .  It  may  occur  that  these  state  variables  are  too  few  in  number  to  allow 
proper  design  of  the  circuit.  In  that  case  additional  state  variables 

ya  "  "yo+s+lyrH-s  are  intro<iuce(i •  For  each  combination  of  values  y 

•yrH-s+Ty-rH-s'  this  has  the  effect  of  adding 

q. 

Y      Y,   2J,      y  =  0,1- 

j=p+s 

to  each  of  the  total  state  numbers  defined  before.  The  new  state  numbers  so 
obtained  are  all  distinct,  for  they  are  simply  the  decimal  equivalents  of 
binary  numbers  of  the  form 
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yq  yq-l  •••"  yp+s  yp+s-l  ••••yp  xp-l' 


When  a  critical  race  condition  exists  in  a  certain  column  of  a  flow 
table,  e.g.,  in  the  0- column  of  the  flow  table  shown  in  Fig.  4  =  9(a),  we  shall 
augment  the  excitation  table  so  that  all  the  required  transitions  that  involve 
the  changes  of  more  than  one  state  variable  will  be  routed  through  intermediate 
unstable  states  made  available  by  introducing  additional  state  variables.  A 
solution  is  shown  in  part  (b)  of  Fig.  k.$. 
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Fig.  K.9 


The  procedure  of  adding  state  variables  may  be  described  as  follows. 
For  every  column  of  the  flow  table,  every  transition  that  involves  the 
simultaneous  changes  of  more  than  one  state  variable  is  examined  separately 
and  a  sequence  of  intermediate  unstable  state  numbers  is  inserted  in  each 
transition  so  as  to  make  it  totally  sequential.  Additional  state  variables 
are  then  introduced  to  alter  these  inserted  intermediate  total  state  numbers 
so  that  the  transition  chain  is  routed  through  the  new  state  numbers  introduced. 
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This  procedure  may  be  understood  by  studying  in  detail  the  example  given  in 
Fig.  4.9(b). 

Note  that  there  are  three  direct  transitions  required  in  the 
O-column.  We  shall  first  fix  a  path  for  each  transition  that  requires  the 
change  of  tvo  or  more  state  variables.  Here  we  have  relaxed  the  excited  state 
variables  one  by  one  from  the  right-most  position  to  the  left-most  position. 


0  -—  2  —  UOJ 
2  —  0  — 

Fig.  4.10 

Figure  4.10  shows  a  totally  sequential  path  for  each  transition. 
State  numbers  0,2  are  included  in  exactly  two  transition  paths.  Additional 
state  variables  are  used  to  change  the  repeated  state  numbers  to  numbers 
different  from  each  other.  Figure  4.11  illustrates  this  process.  In  part  (a) 
16  is  added  to  all  members  of  the  chain  and  in  part  (b)  32  is  used. 

16  — —18  —  26v      34  —32  —40-7 

\  \ 

0  —^  2— — @         2  — *-  0  —-*(§) 

(a)  (b) 

Fig.  4.11 

The  next  step  is  to  augment  the  original  excitation  table  by  adding 
0's  to  the  original  state  variable  assignment  and  changing  the  entries  in  the 
column  under  consideration  so  that  all  transitions  will  follow  the  paths 
indicated  in  Fig.  4.11.  This  is  shown  in  the  0-column  of  Fig.  4.9(b).  Since 
we  only  add  0*s  to  the  original  assignment,  we  can  consider  each  column  of  the 
excitation  table  separately.  Let  us  now  consider  the  1-column  in  Fig.  4.9(a). 
Here  all  transitions  require  only  the  change  of  a  single  state  variable,  hence 
no  critical  races  exist.  For  this  column  we  do  not  use  additional  state 
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variables.  Therefore  we  need  only  add  0'8  to  every  entry  in  this  colunn  for 

the  augmented  excitation  table. 

The  usefulness  of  the  procedure  just  outlined  is  indicated  by 

Theorem  k.l.     The  introduction  of  additional  state  variables  may  eliminate 
critical  races;  it  never  needs  to  introduce  new  critical  races. 

Proof;  Let  us  consider  the  total  state  numbers  of  the  circuit.  In  the  course 
of  the  operation  of  a  circuit  within  a  fixed  column  of  a  flow  table, 
a  certain  transition  may  require  the  simultaneous  change  of  two  or 
more  state  variables.  In  this  case,  we  can  avoid  critical  races  by 
arranging  a  totally  sequential  path  for  this  transition  and  then 
introducing  additional  state  variables  to  separate  this  path  from 
any  other  paths  already  in  existence  for  other  transitions.  That 
this  is  true  can  be  shown  as  follows.  Suppose  that  a  certain  state 
number  A  is  included  in  two  or  more  paths.  We  can  separate  these 
paths  by  adding  a  number  a  >  2^"  to  every  state  number  included  in 
one  of  the  possible  sequences  of  transitions,  and  a  different 
number  £  >  2r   to  the  members  of  the  second  chain,  etc.  Since 
a,  B,  ....,  are  different,  we  can  certainly  separate  these  paths. 
No  new  intersections  of  paths  will  be  created  since  a  ^  6  implies 

a  +  A  ^  p  +  B 
in  this  case  because  a,B  >  2^  . 

Let  us  now  examine  some  properties  of  the  transition  paths.  If  a 
transition  involves  the  change  of  two  or  more  state  variables,  then  the  transi- 
tion path  is  formed  by  relaxing  the  excited  state  variables  one  by  one  from 
right  to  left.  This  provides  a  consistent  way  of  relaxing  the  state  variables 
so  that  no  state  number  will  be  repeated  unnecessarily  often.  The  set  of 
initial  state  numbers  for  paths  has  distinct  elements,  but  these  state  numbers 


may  be  repeated  as  intermediate  points  in  one  or  more  paths.   The  set  of 
terminal  state  numbers  need  not  have  all  distinct  elements  since  it  is  pos- 
sible that  two  or  more  paths  terminate  at  the  same  state, 

A  state  number  is  said  to  repeat  impermissibly  if  one  of  the 
following  conditions  exists °. 

(1)  An  intermediate  state  number  in  a  path  is  repeated  in  another 
path  with  different  following  state  numbers  <. 

(2)  An  initial  or  terminal  state  number  of  a  path  is  repeated  as 
intermediate  state  numbers  of  other  paths . 

When  a  state  number  is  the  terminal  state  number  of  several  paths, 
it  will  be  said  to  repeat  impermissibly  only  if  it  is  also  an  intermediate 
state  number  of  some  other  paths . 

Let  us  define  a  linear  graph  with  the  following  properties: 

(1)  The  set  of  vertices  {v\  corresponds  to  the  set  of  transition 
paths  within  a  column  of  a  flow  table • 

(2)  The  set  of  edges  corresponds  to  the  intersection  relationship 
between  a  pair  of  paths,  i.e.,  an  edge  connects  two  vertices  if  there  is  at 
least  one  state  number  which  repeats  impermissibly  in  this  pair  of  paths. 

we  shall  denote  this  graph  by  p  . 
Definition  k.k,_,     A  graph  is  k-chromatic  if  its  nodes  can  be  mapped  onto  a  set 

of  k  colors  in  such  a  way  that  no  two  nodes  which  are  joined  by  an 

edge  are  mapped  onto  the  same  color  and  if  no  smaller  number  of 

colors  will  do. 

The  process  of  re-routing  the  transition  paths  by  adding  state 
variables  described  in  the  last  section  is  essentially  the  same  as  the  problem 
of  coloring  the  linear  graph  p   [Be  1] .  Adding  different  numbers  to  paths  where 
one  or  more  state  numbers  are  repeating  impermissibly  is  analogous  to  coloring 
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adjacent  nodes  of  a  graph  with  different  colors.  The  use  of  a  minimum  number 
of  colors  corresponds  to  the  introduction  of  the  minimum  number  of  additional 
state  variables. 

Theorem  k.2i     For  the  transitions  in  a  column  of  a  flow  table,  if  state 

number  A  is  the  only  repeating  state  number  and  if  A  repeats  im- 
permissibly exactly  p  >  1  times,  then  the  necessary  and  sufficient 
number  of  additional  state  variables  to  resolve  critical  races  is 
given  by 

m  =  <  log2  p  > 
where  <  X  >  means  the  nearest  integer  that  is  larger  than  or  equal 
to  X. 

Proof:  The  linear  graph  constructed  for  this  case  will  be  a  complete  p-graph. 
We  know  that  a  complete  p-graph  is  p-chromatic  [Be.  1],  i.e.,  it  can- 
not be  colored  with  fewer  than  p  distinct  colors.  Since  the  numbers 
added  to  A  are  obtained  from  different  combinations  of  the  binary 

numbers  represented  by  additional  state  variables,  we  must  have 

m  - 
s  >  p 

or  m  ■  <  logs  P  >  • 

Sufficiency  can  be  shown  as  follows: 

(1)  If  state  number  A  is  not  an  initial  or  terminal  state  of  any 
transition  path,  then  any  binary  combinations  provided  by  the 
additional  state  variables  can  be  added  to  an  arbitrary  path  to 
resolve  impermissible  repetitions. 

(2)  If  state  number  A  is  an  initial  or  terminal  state  number  of  a 
transition  path,  then  we  must  treat  this  path  differently.  We 
must  add  all  O's  to  every  state  number  in  this  path  because  we 

may  introduce  critical  races  in  the  new  state  variables  otherwise. 
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All  other  combinations  of  additional  state  variables  can  be 
added  to  other  paths.  The  theorem  Is  thus  proved. 

Theorem  k.J>i     For  the  case  where  more  than  one  state  number  repeats,  If  the 

sets  of  paths  In  which  these  state  numbers  repeat  are  disjoint,  then 
the  number  of  additional  state  variables  required  is  <  log2  max  [Pi)>> 
where  state  number  Ai  repeats  pi  times,  state  number  As  repeats  P2 
times,  etc. 

Proof:  This  follows  directly  from  Theorem  k.2   and  the  theorem  that  if  a 

graph  is  disconnected  its  chromatic  number  is  equal  to  the  maximum  of 
the  chromatic  numbers  of  its  connected  components  [Di  1] . 

As  mentioned  in  the  previous  section,  in  order  to  consider  each 
column  of  the  flow  table  separately  we  must  not  change  the  initial  assignment 
(except  for  adding  O's  to  each  row  assignment).   If  the  repeating  state  numbers 
are  not  initial  or  terminal  state  numbers  of  any  transition  paths  then  any 
binary  combinations  of  the  additional  state  variables  can  be  used  to  re-route 
the  paths  because  we  can  always  make  the  final  transition  paths  totally 
sequential  in  this  case.  This  can  be  seen  readily  from  the  example  given  in 
Fig.  4.12. 

U-*5-*7-©        *  ■*  28  -  29  -.31-  27-  © 
1^5^,7-©  00 

(a)  k  -*  12  -*  28  — .  29  —  31  -*  27—  11-  © 

00 

Fig.  4.12 

Since  state  numbers  4,  3>  1>  6,  appear  only  once  we  can  add  any  binary  combina- 
tions provided  by  additional  state  variables  to  them  without  introducing  races. 
Therefore  regardless  of  what  number  we  use  to  alter  these  paths  we  can  always 
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achieve  totally  sequential  final  paths.  For  instance,  if  the  number  24  is 
added  to  every  number  in  the  first  path  (Fig.  4.12(b))  we  can  make  the  final 
path  totally  sequential  again  by  adding  8  (or  16)  to  the  state  numbers  4  and  3 
(Fig.  4.12(c)). 

Ve  hare  therefore  the  following  theorem: 
Theorem  4.4:  If  p  Is  k-chromatlc  and  no  Initial  or  terminal  state  members 

are  repeating  impermissibly ,  then  the  number  of  additional  state 

variables  required  Is  <  logg  k  >. 

In  the  case  where  some  initial  or  terminal  state  numbers  are  also 
repeating  Impermissibly  then  it  is  not  always  possible  to  use  any  arbitrary 
binary  combinations  of  additional  state  variables  to  change  a  transition  path 
because  we  may  not  be  able  to  construct  totally  sequential  paths  in  all  cases. 
Critical  races  may  occur  in  the  newly  introduced  state  variables.  This  is 
because  more  than  one  number  provided  by  the  additional  state  variables  may  have 
to  be  added  to  the  initial  or  terminal  state  numbers  of  a  path  to  resolve 
impermissible  repetitions  and  to  maintain  a  totally  sequential  transition  path. 
Figure  4.13  shows  an  example  of  this  case. 


2  — •  0  -—4  — ^2 
4^6^-2  -— @ 
6  -~4  — 0  —  (8 

Fig.  4.13 

The  graph  p   for  this  example  is  4-chromatic.  How  let  us  add  numbers  0,  16, 
48,  32,  to  the  first,  second,  third  and  fourth  path  respectively.  The  new 
transition  paths  are  shown  in  Fig.  4.14. 
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0—2—6  — @ 

2  — m,     18  -~    16  —  20  —  28  —  @ 

4  —  52  — ■*-  51*  — '  50  —  58  — -  @ 

6  —  38  —  36  — -  32  —  to  —  (?) 

Fig.  k.lk 

Examination  of  these  paths  shows  that  the  third  path  is  not  totally  sequential. 
We  must  add  16  (or  32)  to  the  initial  and  terminal  state  numbers  of  this  path 
to  make  it  totally  sequential.  However,  this  will  introduce  new  impermissible 
repetitions  because  16  has  been  added  to  state  number  k   in  the  second  path 
(32  has  been  added  to  state  number  k   in  the  fourth  path).  One  way  to  modify 
this  situation  is  to  introduce  at  first  one  additional  state  variable  to 
separate  the  initial  and  terminal  state  numbers  from  the  intermediate  state 
numbers.  In  the  case  of  the  example  given  in  Fig.  4.13,  the  transition  paths 
become : 

0  — 16  — -  18  —  22  —  30  — -@ 


2  ^-  18  —16  —  20  —  28  -—(12 
k  —  20  —  22  —  18  —  26— @ 

6  ■—  22  —  20  —  16  — -  2k  —  @ 

Fig.  U.15 

Note  that  the  problem  has  thus  been  transformed  to  satisfy  the  conditions  in 
Theorem  k.k.     Hence  we  have 

Theorem  k.51     If  ]""•  is  k-chromatic  and  some  initial  or  terminal  state  numbers 
are  repeating,  then  the  sufficient  number  of  additional  state 
variables  is  <  log  k  >  +  1. 


39 

k.  U  A  Procedure  for  Coloring  a  Graph 

Although  the  general  coloring  problem  is  far  from  being  solved,  we 
can  outline  in  this  section  an  empirical  method  for  coloring  a  graph  [Be  1] . 
The  number  of  additional  state  variables  can  thus  be  calculated u 

Consider  an  n-node  graph.   We  can  always  color  this  graph  by  using 
a  different  color  for  each  vertex   Therefore  we  can  make  an  arbitrary 
coloring  of  an  n-node  graph  by  using  n  colors.   Let  us  use  the  non-negative 
integers  0,1,2,  ..  .,n-l,  to  denote  these  colors.  We  shall  now  outline  a  pro- 
cedure to  eliminate  the  unnecessary  colors. 

Let  us  first  define  a  multivalued  transformation  C  of  the  set  of 
vertices  {  V}  of  a  graph  into  (V|  : 

(1)  if  V.  is  connected  to  V.  then  V.  e  CV .  and  V.  e  CV. 

i  J  i  J  J  i 

(2)  if  V.    is  an  isolated  vertex  then  CV ,    =  <P  - 

l  i 

Suppose  that  an  n-node  graph  is  arbitrarily  colored  with  n  colors, 
that  is,  we  arbitrarily  associate  a  non-negative  integer  0,1,2, . . .,n-l,  to  each 
vertex.   The  first  step  to  eliminate  the  unnecessary  colors  is  to  form  CV.  for 
each  vertex 

CV.  =  (V./V.  is  connected  to  V.l  - 

We  then  examine  the  non-negative  integers  associated  with  each  vertex  V.  and 
the  set  CV. .  We  change  the  non-negative  integer  associated  with  V.  so  that  it 
is  the  smallest  non-negative  integer  not  associated  with  the  vertices  in  CV, . 
This  process  gives  a  coloring,  but  it  is  not  known  to  be  minimal  in  all  cases. 
The  process  can  be  illustrated  by  the  following  example.   Suppose  that  we  have 
an  6* -node  graph  as  shown  in  Fig,  *J--l6.  Let  us  call  the  vertices  V,,  V„,  .  ..,Vn, 
and  arbitrarily  assign  the  non-negative  integers  0,  1, ...,7  to  the  vertices 
(numbers  in  parentheses  in  Fig.  U,l6).  CVj  is  then  found  for  each  vertex. 


(0)     (1) 


Fig.  4.16 
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We  now  examine  the  numbers  associated  with  V,  and  CV,  .  Here  we  have  assigned 
0  to  V,  therefore  we  do  not  change  anything.  Let  us  procede  to  check  Vp  and 
CVp.  The  number  7  is  assigned  to  Vp  and  numbers  0,  6,   2  are  assigned  to  CVp. 
Therefore  we  change  7  to  1  which  is  the  smallest  non-negative  integer  not 
contained  in  the  set  [0,  6,   2}  .  Now  we  continue  this  process  to  V,  and  CV,. 
We  change  the  number  6  assigned  to  V,  to  0  because  the  numbers  associated 
with  CV,  are  {1,  5,  3) .  The  final  result  is  shown  in  Fig.  4.17-  This 
procedure  shows  that  two  colors  are  sufficient  to  color  the  graph  given  in 
this  example. 

We  shall  use  this  coloring  procedure  to  determine  the  number  of 
additional  state  variables  required. 


(o) 


(1)   v 


(1) 


v?(o) 


Fig.  If.  17 
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4. 5  Examples 

In  this  section  we  shall  work  out  an  example  to  demonstrate  the 
complete  procedure  described  in  this  chapter.  Let  us  consider  a  32-row  flow 
table .  Suppose  that  an  initial  assignment  with  5  state  variables  has  been 
made  and  the  corresponding  excitation  table  for  some  input  X.  is  shown  in 
Fig.  4.18. 

The  first  step  is  to  form  the  transition  paths  for  all  the 
transitions  that  require  the  change  of  two  or  more  state  variables.  We  shall 
do  this  by  relaxing  one  state  variable  at  a  time  as  described  earlier  in  this 
chapter.  Figure  4.19  shows  those  paths.  The  next  step  is  to  note  that  some 
initial  and  terminal  state  numbers  repeat  impermissibly.  We  introduce  first 
one  additional  state  variable  to  separate  the  initial  and  terminal  state 
numbers  from  the  intermediate  state  numbers.  This  is  shown  in  Fig.  4.20. 
Note  that  we  still  have  totally  sequential  paths.  Now  we  construct  the  graph 
J7  as  shown  in  Fig.  4.21.  A  coloring  of  this  graph  is  also  shown  in  this 
figure.  Four  colors  are  used.  Therefore  the  total  number  of  additional  state 
variables  is  1  +  log2  4=3.  The  final  transition  paths  are  shown  in  Fig.  4.22, 
All  these  paths  are  totally  sequential  and  are  separated  from  one  another. 
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Fig.  4.19 
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(1)  000000  —  100000  —  100001  —100011— 100111- 

(2)  000011—100011—100010—100000  —100100 

(3)  C>00101—1CHD101—1CK)100— 100110— 100010 
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( 6 )  001010  -—101010  —101011—  101001— 101101- 

( 7 )  001100—101100  —101101—101111— 101011- 

( 8 )  001111  — 101111  —101110  —101100  —101000- 
( 9  )  010001— 110001— 110000  —110010  — - 110110 

(10)  010010— 110010 -"-110011- 110001—110101- 

(11)  0101CX)— 110100— 110101— 110111— 110011- 
( 12  )  010111— 110111—110110—110100— 110000- 
(13 )  011000—111000  —111001 — 111011— 111111- 
( 11+ )  011011  —111011— 111010  —111000  ---111100  ■ 

( 15 )  oinoi —linoi — lnioo — linio  —liioio- 

( 16 )  oinio — niiio  —mm-— linoi—  liiooi- 


— 100101—  110101—  (010101) 


—niiio  —mm-— linoi—  mooi—  noooi  —  looooi— (oooooi) 


101111 
101100 
101010 
101001 
100110 
100101 
100011 
100000 
111110 
111101 
111011- 
111000 
110111- 
110100 
110010 
110001 


linn— casa) 

-imoo— (011100) 


-111010— (Q11010) 

111001— Coiiooi) 
•110110— (010110) 


■110011— (010011) 
110000— (010000) 

loino— (oomo) 


101101— (001101) 

■  loion— (ooion) 
loiooo— (ooiooo) 
ic>om— (booiii) 

100100— (000100) 
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Fig.  *k20 
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Numbers  in  parentheses  indicate  coloring. 


Fig.  ^.21 
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Note  that  the  number  of  direct  transitions  required  in  the  column 
considered  in  this  example  equals  to  the  maximum  possible  number  of  direct 
transitions  that  can  be  found  in  any  column  of  a  32-row  flow  table.  We  have 
assumed  that  the  initial  assignment  is  such  that  all  transitions  in  this 
column  require  the  change  of  all  SQ  state  variables,  i.e.,  we  have  assumed 
the  worst  possible  case.  We  have  shown  that  eight  state  variables  are 
sufficient  for  this  flow  table.  This  is  one  less  than  that  required  by 
Huffman's  bound. 
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REMOVAL  OF  UNNECESSARY  STATE  VARIABLES 


In  this  section  ve  shall  discuss  a  method  of  state  variable  assignment 
quite  different  from  the  method  discussed  in  Chapter  IV.  The  assignment  will 
allow  all  noncritical  races  for  every  transition.  The  circuit  operation  time 
may  thus  be  reduced. 

5.1  Assignment  Table 

Theorem  5.1:  la  a  flow  table,  if  we  consider  each  column  separately  and  assign 
a  sufficient  number  of  state  variables  for  each  column  so  that  no 
critical  races  exist  in  any  column,  then  the  combined  state  variable 
assignment,  i.e.,  the  assignment  obtained  by  putting  together  all  the 
individual  assignments  for  the  various  columns,  has  no  critical  races. 

Proof:  Consider  the  flow  table  shown  in  Fi'g.  J>.1.  Let  us  examine  the  column 
for  input  X,  .  There  are  three  stable  entries  and  one  unstable  entry 
in  this  column.  To  assure  no  critical  races  for  transitions  within 
this  column  we  must  use  two  state  variables  to  distinguish  the  three 
stable  states . 
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Generally,  <  log2  r  >  state  variables  are  required  for  a 
column  with  r  stable  entries.  If  we  use  this  sufficient  number  of 
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state  variables  for  each  column  considered  separately,  then  the 
assignment  obtained  by  combining  all  the  individual  assignments  has 
no  critical  races,  because 

(1)  if  a  transition  exists  between  rows  ri  and  Tz  then  their  assign- 
ments will  contain  a  nonchanging  part  that  is  different  from  the 
corresponding  part  in  any  other  row  assignment  in  the  flow  table 

(2)  every  transition  within  a  column  contains  a  different  nonchanging 
part  in  the  assignments  for  the  rows  involved,  therefore  the  set 
of  intermediate  unstable  states  in  each  transition  is  disjoint. 

Definition  5.1;  A  table  listing  the  state  variable  assignment  for  each  row  of 
the  flow  table  is  called  an  assignment  table.  This  table  is  obtained, 
as  outlined  above,  by  considering  each  column  separately.  The  assign- 
ment table  is  an  array  of  O's  and  l's,  and^'s  (don't  cares)  if  the 
flow  table  is  not  completely  specified.  Each  row  represents  the  state 
variable  assignment  for  the  corresponding  row  in  the  flow  table »  A 
column  of  the  assignment  table  contains  one  entry  from  each  row  of  the 
table.   If  there  are  k  state  variables,  then  there  are  k  columns. 

Definition  ^>.2i     Given  a  column,  S.,  of  an  assignment  table,  we  define  the 

complement  of  S . ,  denoted  by  S  ,  as  the  column  obtained  by  changing 
all  the  O's  in  S  to  l's  and  all  the  l's  to  O's-  The  9's,  if  any, 
are  not  affected. 

Definition  5.3 ;  S  will  be  said  to  be  specified  in  any  of  its  positions  if 
that  position  contains  a  0  or  a  1.  Otherwise  (if  the  position 
contains  a  9),  S  is  said  to  be  unspecified  in  the  particular  position. 

Definition  5.k:     Given  two  columns,  S  and  S.,  S  will  be  said  to  include  S. 

X         -  J-  -    1  J 

if  and  only  if  S  agrees  with  S.  wherever  the  latter  is  specified.  We 

write  this  relation  as  S.^)  S..   It  is  obvious  that  S.  has  at  least 

as  many  9's  as  S. . 
J 
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Definition  5«5»  Column  S  vill  be  said  to  cover  column  S,  if  and  only  if 

either  S  O  S±   or  S  D  S±. 
Theorem  5°2;  Wherever  S.  covers  S.  we  may  always  discard  S  . 
Proof ;  Let  us  fir6t  consider  the  case  where  S.Z)  S. .  It  is  obvious  that  we 

may  discard  S  .  When  S  D  S  ,  we  can  always  re-assign  the  state 

variables  for  the  corresponding  column  in  the  flow  table  so  that  the 

S.  column  in  the  assignment  table  is  complemented. 
Definition  5.6°.     Given  two  columns,  S  and  S  ,  there  will  exist  an  intersection 

column  of  S  and  S  if  and  only  if  S.  and  S  agree  wherever  both  S. 

and  S  are  specified.  This  intersection  column  agrees  with  both  S. 

and  S.  where  they  agree  with  each  other,  but  agrees  with  either  S. 

or  S  when  the  other  has  entries  9 • 

J 

Definition  5.7^   In  a  column  of  a  flow  table,  all  k-1  unstable  entries  which 
eventually  lead  to  the  corresponding  stable  entry,  together  with  the 
stable  entry,  form  a  k-set. 

5-2  A  State  Variable  Assignment  Procedure 

We  shall  outline  a  procedure  for  state  variable  assignment  for  any 
arbitrary  flow  table  in  this  section. 

(1)  Draw  a  transition  diagram  of  the  given  flow  table  as  described 
in  Chapter  iv„ 

(2)  Make  a  state  variable  assignment  for  each  column  of  the  flow 
table.   In  working  with  a  given  column,  try  to  meet  as  many  as  possible  of  the 
transition  requirements  as  indicated  by  the  transition  diagram  in  the  other 
columns  of  the  flow  table.  This  may  reduce  the  total  number  of  state  variables 
required o 

(3)  For  each  of  the  columns  containing  only  one  stable  entry  we 
can  safely  set  up  races,  or  any  other  transition  patterns  which  eventually 
reach  the  row  containing  the  stable  entry. 
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(4)  Utilize  the  extra  combinations,  if  any,  provided  by  <  logs  r  > 
state  variables  in  each  column  for  elements  in  a  k-set  so  that  covering 
relationships  may  be  generated. 

(5)  Try  to  use  the  same  assignment  for  stable  entries  in  the  same 
row  of  the  flow  table  so  as  to  cause  maximum  duplication  of  columns  in  the 
assignment  table . 

(6)  Discard  S.  if  it  is  covered  by  some  column  S. . 

(7)  If  intersection  exists  between  two  columns  replace  both 
columns  by  the  intersection. 

These  operations  are  perhaps  best  explained  by  considering  a 
concrete  example . 

5-3  Examples 

Let  us  consider  the  example  shown  in  Fig.  5.3. 
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We  shall  draw  the  transition  diagram  of  this  flow  table  (Fig.  5.4) 


■ 
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Fig.  $.k 

We  now  focus  our  attention  on  the  problem  of  assigning  3tate  variables  for 
each  column  of  the  flow  table .  For  the  00  column,  there  are  four  stable 
entries;  two  state  variables  are  required.  We  shall  make  the  assignment  as 
follows:  Q-^00,(jT)-+10,(T)-->  01,  (jT)-*ll.  Here  we  have  satisfied,  in 
addition  to  all  the  transitions  in  the  00  column,  also  the  transition  between 
A,  C  in  the  01  column  and  the  transition  between  B,  D  in  the  10  column. 
For  the  01  column,  we  use 

©  ~*  00>©  — *01>@— >io,(S)  — >n- 

For  the  11  column,  we  use 

(V)->  01,  (10)— »11,  (ll)— 00,  @— >10. 
For  the  last  column,  we  use 

(13)  -*10,  (g)— >11,  (g)— >00,  @-*01. 
At  this  point  we  can  form  the  assignment  table  as  shown  in  Fig.  5«5« 
Note  that  columns  2  and  6  have  an  intersection,  and  so  do  columns  1  and  5,    3 
and  7   We  may  replace  these  pairs  of  columns  by  their  corresponding  inter- 
sections and  obtain  the  reduced  assignment  table  represented  by  the  outside 
column  of  the  excitation  table  shown  in  Fig.  5°6-> 
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Note  that  ve  have  allowed  all  possible  noncritical  races  in  every 
transition  that  requires  the  change  of  two  or  more  state  variables.  This  is 
always  the  case  as  shown  in  Theorem  5-1-  The  internal  transition  speed  of 
this  type  of  state  variable  assignment  may  be  the  same  as  that  of  a  circuit 
where  each  internal  transition  requires  the  change  of  only  a  single  state 
variable,  because  we  have  allowed  all  the  state  variables  that  must  change 
in  a  transition  to  be  excited  together  and  to  change  in  one  step.  Figure 
5.7  shows  an  example  of  this  type  of  transition. 


Fig.  5.7 
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VI .  CONCLUSIONS 

It  would  obviously  be  desirable  to  have  a  method  to  yield  the  best 
state  variable  assignment  for  any  specific  flow  table  according  to  some 
criterion  such  as  the  minimization  of  the  resulting  circuit.  Unfortunately, 
this  seems  to  be  very  difficult  and  we  can  offer  no  solutions. 

The  most  important  part  of  this  research  has  been  concerned  with  a 
general  method  of  minimal  state  variable  assignment.  That  is,  for  a  given 
flow  table  we  want  to  make  a  state  variable  assignment  using  a  minimum  number 
of  state  variables.   In  Chapter  IV  we  have  given  a  method  of  state  variable 
assignment  which  minimizes  the  number  of  state  variables  once  an  initial 
assignment  has  been  chosen .  This  method,  unlike  Huffman's  row-set  assignment 
which  satisfies  the  requirements  of  a  r-row  flow  table  regardless  of  the 
transitions  involved,  takes  into  account  the  internal  transitions  in  each 
column  of  the  flow  table,  and  hence  often  requires  fewer  state  variables  than 
Huffman's  bound   For  example,  the  32-row  flow  table  problem  worked  out  in 
Chapter  IV  requires  a  total  number  of  eight  state  variables  while  Huffman's 
general  bound  calls  for  nine  state  variables, 

A  property  of  this  state  variable  assignment  method  is  that  it 
always  produces  totally  sequential  circuits .  In  such  a  circuit  the  operation 
time  may  be  quite  long,  depending  upon  the  number  of  state  variables  that  must 
change  to  bring  about  an  internal  transition.   If  we  define  a  unit  time  as 
the  time  required  for  one  state  variable  to  change,  this  time  being  assumed 
to  be  uniform,  then  an  internal  transition  will  take  T  units  of  time  when 
there  are  T  +  1  state  numbers  in  the  transition  path. 

The  minimization  of  state  variables  is  of  theoretical  interest, 
but  from  a  practical  point  of  view,  the  savings  in  state  variables  may  not 
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warrant  the  added  transition  time,  which  is  the  price  that  must  be  paid.   In 
Chapter  V  we  have  described  a  state  variable  assignment  method  that  allows  all 
noncritical  races  for  every  transition,  The  transition  time  of  this  type  of 
circuits  may  be  unity  even  if  two  or  more  state  variables  are  required  to 
change .  This  is  because  all  excited  state  variables  may  change  in  one  step. 
An  upper  bound  on  the  number  of  state  variables  required  in  this  method  of 
state  variable  assignment  has  been  given  in  Chapter  III.  We  have  shown  that 

S  Pi  Q 

2    -  1  state  variables  are  sufficient  for  any  flow  table  of  r  =  2  °  rows. 

Some  possible  extensions  of  this  work  should  be  mentioned  in  closing. 
The  necessary  and  sufficient  conditions  for  a  given  S-node  transition  diagram 
to  be  mappable  on  a  cube  of  <  log2  s  >  dimensions  would  find  ready  applica- 
tion to  aid  in  the  formalization  of  initial  assignment.  Further  reduction  of 
state  variables,  possibly  by  direct  mapping  of  the  transition  diagram  on  an 
n-cube,  would  be  interesting. 


57 


BIBLIOGRAPHY 


Be  1.  Berge,  C,  "Theorie  des  Graphes  et  ses  Applications,"  Dunod,  Paris,  1958* 

Ca  1.  Cadden,  W.  J.,  "Equivalent  Sequential  Circuits,"  IRE  Transaction  on 
Circuit  Theory,  Vol.  CT-6,  No.  1,  pp.  30-3^,  March,  1959- 

Ca  2.  Caldwell,  S.  H.,  "Switching  Circuits  and  Logical  Design,"  Wiley,  New  York, 
1958. 

Di  1.  Dirac,  G.  A.,  "Map-Colour  Theorems,"  Canadian  Journal  of  Mathematics, 
Vol.  k,   pp.  1*80-^90,  1952. 

Hu  1.  Huffman,  D.  A.,  "The  Synthesis  of  Sequential  Switching  Circuits," 
Journal  of  the  Franklin  Institute,  Vol.  257,  No.  3,  k,   pp.  161-191, 
275-303,  March  and  April,  195^- 

Hu  2.  Huffman,  D.  A.,  "A  Study  of  the  Memory  Requirements  of  Sequential 

Switching  Circuits,"  Technical  Report  No.  293  >  Research  Laboratory  of 
Electronics,  Massachusetts  Institute  of  Technology,  April,  1955* 

Ma  1.  MacDonald,  J.  E.,  "Design  Methods  for  Minimum- Distance  Error-Correcting 
Codes,"  IBM  Journal  of  Research  and  Development,  Vol.  k,   No.  1,  pp.  4-3- 
57,  January,  i960. 

Mc  1.  McCluskey,  E.  J.,  Jr.,  "Error-Correcting  Codes- -A  Linear  Programming 

Approach,"  Bell  System  Technical  Journal,  Vol.  38,  No.  6,  pp.  1485-1512, 
November,  1959* 

Mu  1.  Muller,  D.  E.,  "Metric  Properties  of  Boolean  Algebra  and  Their  Application 
to  Switching  Circuits,"  Report  No.  k6,   Digital  Computer  Laboratory, 
University  of  Illinois,  April,  1953- 

Pe  1.  Peterson,  W.  W.,  "Error  Correcting  Codes,"  Wiley,  New  York,  i960. 

Un  1.  Unger,  S.  H.,  "A  Study  of  Asynchronous  Logical  Feedback  Networks," 
Report  No.  320,  Research  Laboratory  of  Electronics,  Massachusetts 
Institute  of  Technology,  April,  1957- 


